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A formalism for analyzing the complete set of field equations describing Macroscopic Gravity is
presented. Using this formalism, a cosmological solution to the Macroscopic Gravity equations is
determined. It is found that if a particular segment of the connection correlation tensor is zero
and if the macroscopic geometry is described by a flat Robertson-Walker metric, then the effective
correction to the averaged Einstein Field equations of General Relativity i.e., the backreaction, is
equivalent to a positive spatial curvature term. This investigation completes the analysis of [1] and
the formalism developed provides a possible basis for future studies.
PACS numbers: 04.50.Kd, 95.30, 98.80.Jk, 98.80.-k
I. THE AVERAGING PROBLEM IN
COSMOLOGY
Modern cosmology is at an impasse. Observational
studies indicate that our Universe on the largest of scales
is highly isotropic (see [2] and references within), and
appears to be expanding at an ever increasing rate (see
[3] and references within). Employing as our theory of
gravity, Einstein’s General Relativity, this scenario is
modeled phenomenologically using a Friedman Robert-
son Walker(FRW) model with the addition of two new
quantities and their consequent evolutions. There is no
clear physical motivation for adding these two quantities.
Indeed, the existence of the two new quantities (“exotic”
forms of matter and/or energy), colloquially called Dark
Matter and Dark Energy have yet to be observed, and
in fact may never be directly observed. However, the re-
sulting cosmological model, called the ΛCDM model or
Concordance model, fits the observed data remarkably
well and is therefore widely accepted. On the other hand,
perhaps there is a simpler and more natural explanation.
One that can help to explain the supposed effects of both
Dark Matter and Dark Energy as the consequences of a
single idea. It is this idea that we explore here.
The most common assumption used in cosmology is
that the universe is spatially homogeneous and isotropic
on the largest of scales. However, observational data
shows that the universe is not spatially homogeneous nor
isotropic at all scales since one observes structures. In
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addition, these structures would not exist if the universe
were spatially homogeneous and isotropic throughout its
evolution. Indeed, inhomogeneities in the early universe
are required if we are to have any structure (stars, galax-
ies, clusters, filaments, walls, voids, etc.) at all at the
present time. With the assumption of spatial homogene-
ity and isotropy on the largest of scales, we have ignored
any effects to the dynamical evolution of the universe
that may be the direct result of inhomogeneities that we
know are present on smaller scales, and at earlier times.
In fact, there has been some discussions in the literature
argueing that the presently observed acceleration may
be entirely due to the back-reaction of inhomogeneities
found in our universe [4].
In order to accurately reflect and model the effects of
inhomogeneities over large space-time regions, one should
employ an averaging procedure suitable for cosmological
length scales. Indeed, Ellis [5] has argued that an aver-
aged metric, and more importantly, an averaged set of
field equations ought to be used when considering the
evolution of large regions of space-time. Given that Gen-
eral Relativity accurately models the local gravitational
dynamics on much smaller scales, the development of
an averaged theory should therefore be based on Gen-
eral Relativity. The construction of an averaged theory
of gravity based on Einstein’s General Relativity is very
difficult due to the non-linear nature of the gravitational
field equations. This problem is further exacerbated by
the difficulty in defining a mathematically precise and
covariant averaging procedure for tensor fields. How-
ever, if these issues are resolved, then the resulting aver-
aged theory of gravity will provide the theoretical frame-
work needed to understand and model inhomogeneous
cosmologies that are on average spatially homogeneous
and isotropic on the largest of scales.
There have been many approaches to the averag-
ing problem, (see [6, 7, 8, 9, 10, 11] and references
within). However, most of the approaches are either
2non-covariant, or perturbative in nature. One of the few
approaches to the averaging problem that is both non-
perturbative, and covariant is the theory of Macroscopic
Gravity as proposed and developed by R. Zalaletdinov
[6, 7, 8]. This approach employs a covariant space-time
averaging procedure for tensor fields. When this averag-
ing procedure is applied to the field equations of General
Relativity, one obtains a generalization of the Einstein
Field Equations of General Relativity that includes a new
tensor field with its own set of field equations.
There has been some progress made in understanding
the Zalaletdinov averaging procedure and its impact on
the dynamics of the macroscopic spacetime [1, 12, 13, 14].
In [12], the authors started with a microscopic geometry,
averaged using the Zalaletdinov averaging procedure and
then made some assumptions to obtain the spatial aver-
aging limit. Once again in [13], the authors started with
an inhomogeneous spherically symmetric spacetime and
averaged using the Zalaletdinov procedure to explicitly
calculate the form of the averaged Field Equations. Here
we shall take an alternative point of view, the macro-
scopic point of view, where no explicit assumptions on
the microscopic geometry are made, only that on average
over large scales it can be described by the macroscopic
geometry. We will make some reasonable mathematical
and geometrically plausible assumptions on the macro-
scopic geometry and the various correlation tensors and
then we will analyze and solve the complete set of macro-
scopic gravity equations. A previously published solution
[1] did not provide a systematic and detailed procedure
for obtaining a solution nor did it attempt to resolve the
constraints arising from the existence of the affine de-
formation tensor. Therefore, a complete, self-consistent
solution to the Macroscopic Gravity equations appropri-
ate for cosmological interpretations is presented below.
Regarding notation, covariant differentiation with re-
spect to connection Γαβγ is denoted with ||. Round
parentheses surrounding a set of indices represents sym-
metrization of the indices while square brackets repre-
sents anti-symmetrization. Any index that is under-
lined is not included in the symmetrization. We also
define the totally antisymmetric tensor density εαβγδ =
eαβγδ
√
− det(gαβ) where the totally antisymmetric sym-
bol is fixed so that e1234 = 1. We also define εαβγ =
εαβγδu
δ. Greek indices run from 1 to 4, while Latin in-
dices run from 1 to 3. Units are chosen so that c = G = 1,
so κ = 8pi.
II. THE FIELD EQUATIONS OF
MACROSCOPIC GRAVITY
A. Brief Review of Macroscopic Gravity
We shall use the same sign convention and similar no-
tation as found in [7, 15] for most quantities. A bar
over a tensor or geometrical object indicates the space-
time averaged value of that quantity. Here we very briefly
outline the general idea used in developing Zalaletdinov’s
theory of Macroscopic Gravity. Assume our microscopic
spacetime is a manifoldM with metric gαβ , a Levi-Cevita
connection γαβγ , and Riemann curvature tensor
rαβγδ = 2γ
α
β[δ,γ] + 2γ
α
ǫ[γγ
ǫ
βδ]. (1)
Macroscopic Gravity is based on the idea that the average
of the Levi-Cevita connection on M yields a Levi-Cevita
connection for the averaged or smoothed manifold M ,
i.e., γ αβγ = Γ
α
βγ . Given Γ
α
βγ , by Frobeneius’s theo-
rem one can always determine locally a metric Gαβ for
M compatible with Γαβγ . Note this does not mean that
Gαβ is necessarily equal to the average of the metric gαβ
found on the microscopic manifold M , i.e, Gαβ 6= gαβ .
The corresponding Riemann curvature tensor associated
with Γαβγ is M
α
βγδ = 2Γ
α
β[δ,γ] + 2Γ
α
ǫ[γΓ
ǫ
βδ] with a
Ricci tensor Mαβ = M
µ
αβµ. In Macroscopic Gravity, it
is also assumed that the average of the microscopic Rie-
mann curvature tensor, r αβγδ = R
α
βγδ yields another
curvature tensor (non-Riemannian in nature) compatible
with a second (necessarily non-metric) connection Παβγ .
Essential to the theory of Macroscopic Gravity is the def-
inition of a connection correlation tensor
Zαβµ
γ
δν ≡ (γαβ[µγγδν])− γ
α
β[µ γ
γ
δν]
= 〈Fαβ[µF
γ
δν]〉 − 〈F
α
β[µ〉〈F
γ
δν]〉 (2)
where Fαβγ is a bilocal extension of γ
α
βγ (see [6] for de-
tails). The connection correlation tensor has index sym-
metries
Antisymmetric in µ and ν
Zαβµ
γ
δν = −Z
α
βν
γ
δµ (3)
Antisymmetric in pairs α
β
and γ
δ
Zαβµ
γ
δν = −Z
γ
δµ
α
βν (4)
through construction. It is shown in [6, 7] that this con-
nection correlation tensor is able to provide the splitting
rules necessary to determine the corrections required to
successfully average out the Einstein Field Equations.
Various traces of Zαβµ
γ
δν are needed and are defined
as follows
Zαβδν = 2Z
α
βǫ
ǫ
δν (5)
Qαβµν = −2Z
ǫ
βµ
α
ǫν (6)
Qβµ = Q
δ
βµδ (7)
We shall assume that all higher order connection corre-
lations except Zαβµ
γ
δν are zero, this can be done in a
self-consistent way as outlined in [6, 7].
B. Timelike Vectors and Projections
The average motion of the matter distribution and ra-
diation in the universe defines a preferred direction. We
3shall therefore adopt the conventional view that there is a
well defined velocity vector of the matter distribution in
the universe at least locally and through the Copernican
principle, this then implies that there is a velocity vector
at each point. We can therefore represent this average
velocity by defining the unit timelike 4-velocity vector
field
uα =
dxα
dτ
, uαuα = −1
where τ is the proper time measured along the funda-
mental world-lines of the averaged matter distribution.
With this timelike vector field, and a given macroscopic
metric Gαβ , one can now define the unique projection
tensor
Hαβ = Gαβ + uαuβ
which projects into the 3-dimensional rest-space of ob-
servers moving with 4-velocity uα.
From now on, a dot over an object represents the
derivative of the object in the direction of vector field
uα that is, f˙ = f||αu
α. The covariant derivative of uα
can now be decomposed [16, 17] as
uα||β = −u˙αuβ + ωαβ + σαβ +
1
3
θHαβ . (8)
The kinematic quantities are defined as the expansion
θ = uα||α, the shear, σαβ = u(α||β) + u˙(αuβ) −
1
3θHαβ ,
the vorticity ωαβ = u[α||β] + u˙[αuβ], and the acceleration
u˙α = uα||βu
β.
The connection correlation tensor Zαβµ
γ
δν is a (2− 2)
valued 2-form that can be decomposed in an analogous
fashion to the standard electro-magnetic form Fαβ . We
calculate two different projections (Electric and Mag-
netic) of Zαβµ
γ
δν [15] as follows
ZEαβ
γ
δǫ = Z
α
βǫ
γ
δφu
φ (9)
and
ZHαβ
γ
δǫ =
1
2
Zαβµ
γ
δνε
µν
ǫφu
φ. (10)
The tensors ZEαβ
γ
δǫ and ZH
α
β
γ
δǫ completely deter-
mine and characterize the correlation tensor Zαβµ
γ
δν , in
the following manner
Zαβµ
γ
δν = −2ZE
α
β
γ
δ[µuν] + ZH
α
β
γ
δπε
πχ
µνuχ. (11)
We also note that ZEαβ
γ
δǫ and ZH
α
β
γ
δǫ are antisym-
metric in pairs
ZEαβ
γ
δǫ = −ZE
γ
δ
α
βǫ, ZH
α
β
γ
δǫ = −ZH
γ
δ
α
βǫ,
(12)
and satisfy
ZEαβ
γ
δǫu
ǫ = 0, ZHαβ
γ
δǫu
ǫ = 0. (13)
We are now able to count the number of independent
components in ZEαβ
γ
δǫ and ZH
α
β
γ
δǫ: due to antisym-
metry of pairs, and the spatial nature of the last index,
we find that there are (16)·(16−1)2 · 3 = 360 independent
components in each tensor ZEαβ
γ
δǫ and ZH
α
β
γ
δǫ and
consequently Zαβµ
γ
δν has 720 independent components
in general.
C. The Field Equations for the Connection
Correlation Tensor
1. Algebraic Cyclic Identities
By construction, the connection correlation tensor
must satisfy the algebraic cyclic identity
Zαβ[µ
γ
δν] = 0⇐⇒ Z
α
βµ
γ
δνε
µδνκ = 0. (14)
Taking advantage of the decomposition of Zαβµ
γ
δν , one
is able to rewrite the algebraic cyclic identities as equiv-
alent systems involving two equations through contrac-
tions with uκ to derive the first equation and with Hκχ
to obtain the second equation in each case.
ZHαβ
γ
δµH
δµ = 0, (15)
ZHαβ
γ
δχu
δ + ZEαβ
γ
δµε
δµ
χ = 0. (16)
We note that one can replace Hδµ with Gδµ in the above
equations due to equation (13). Equation (15) yields
43 = 64 constraints. Equation (16) can be further de-
composed into a “trace-like” and a “trace-free-like” part.
Contracting equation (16) with Hβχ and subtracting the
result, one obtains the “trace-free-like” part (this is not
totally trace-free in the sense that there are non-trivial
traces in other indices),
0 = ZHαβ
γ
δχu
δ + ZEαβ
γ
δµε
δµ
χ
−
1
3
Hβχ
(
ZHαπ
γ
δλu
δHπλ + ZEαπ
γ
δµε
δµπ
)
(17)
Using equations (13) and (15), the “trace-like” part re-
duces to a simple expression
ZEαβ
γ
δµε
δµβ = 0. (18)
The “trace-free” part, equation (17), yields (43) · (3) −
16 = 176 constraints, while the “trace” part, equation
(18), appears to yield 16 constraints. However, the
“trace” part is actually symmetric in the remaining two
indices due to antisymmetry in pairs, and therefore only
yields 10 linearly independent constraints. Therefore, the
total number of linearly independent constraints aris-
ing from the algebraic cyclic identity, equation (14), is
64 + 176 + 10 = 250.
2. Equi-affinity Constraint
By assumption, the connection correlation tensor,
Zαβµ
γ
δν is assumed to satisfy
Zǫǫµ
γ
δν = 0. (19)
4In terms of ZEαβ
γ
δǫ and ZH
α
β
γ
δǫ we have the following
constraints
ZHǫǫ
γ
δµ = 0, (20)
ZEǫǫ
γ
δµ = 0. (21)
The number of constraints arising out of equations (20)
and (21) is 45 each, due to the antisymmetry in pairs.
However, there are also 16 of these constraints that are
trivially satisfied due to equation (14). Therefore the
number of new linearly independent constraints arising
from equation (19) is 90− 16 = 74.
After all algebraic constraints are resolved, we find that
there are 720− 250− 74 = 396 independent components
of the connection correlation tensor Zαβµ
γ
δν .
3. Differential Cyclic Constraint
By assumption, consistent with the assumption that all
higher order connection correlations are zero, the connec-
tion correlation tensor is assumed to satisfy
Zαβ[µ
γ
δν||φ] = 0⇐⇒ Z
α
βµ
γ
δν||φε
µνφκ = 0. (22)
This assumption is an integral component in the deter-
mination of a splitting rule for the average of the prod-
uct of the Riemann tensor and the connection (see [6, 7]
for details). Taking advantage of the decomposition of
Zαβµ
γ
δν one is able to rewrite the differential cyclic con-
straints as equivalent systems involving two equations
through contractions with uκ to derive the first equa-
tion and with Hκχ to obtain the second equation in each
case.
0 = ZHαβ
γ
δπ||φH
πφ + 2ZEαβ
γ
δµω
µ, (23)
0 = ˙ZHαβ
γ
δκH
κ
χ + ZH
α
β
γ
δκ
(
2
3
θHκχ − σ
κ
χ − ω
κ
χ
)
−ZEαβ
γ
δµu˙νε
µν
χ − ZE
α
β
γ
δµ||φε
µφ
χ (24)
Note there is a dot over the first term in the second equa-
tion. Equations (23) and (24) are analogous to one half of
the 1 + 3 decomposition of the Maxwell Field Equations
for E and H [17].
4. The Quadratic Constraint
The usual assumption in Macroscopic Gravity is to as-
sume that the higher order connection correlations are
identically zero. If this is indeed the case then the con-
nection correlation tensor Zαβµ
γ
δν must also satisfy the
quadratic constraint [7]
Zδβ[γ
θ
κπZ
α
δǫ
µ
νσ] + Z
δ
β[γ
µ
νσZ
θ
κπ
α
δǫ] +
Zαβ[γ
δ
νσZ
µ
δǫ
θ
κπ] + Z
α
β[γ
µ
δǫZ
θ
κπ
δ
νσ] +
Zαβ[γ
θ
δǫZ
µ
νσ
δ
κπ] + Z
α
β[γ
δ
κπZ
θ
δǫ
µ
νσ] = 0. (25)
D. The Field Equations for the Affine Deformation
Tensor
Taking the average of equation (1), and defining
r αβµν = R
α
βµν to be another curvature tensor, one
obtains a relationship between the Riemann curvature
tensor, Mαβµν , the trace of the connection correlation
tensor, Qαβµν , and the non-Riemann curvature tensor
Rαβµν via
Rαβµν =M
α
βµν +Q
α
βµν . (26)
Given thatMαβ[µν||λ] = 0 (satisfies the Bianchi identity)
and by assumption (22), we derive that Rαβ[µν||λ] = 0.
As stated earlier, there exists a second connection Παβγ
on the spacetime that generates the curvature tensor
Rαβρσ. However, it is considered easier to determine the
difference between the metric connection Γαβγ and the
non-metric connection Παβγ . We define the affine defor-
mation tensor to be Aαβγ = Γ
α
βγ − Π
α
βγ which must
satisfy the following algebraic equation [6, 7]
Aǫβ[ρR
α
ǫσλ] −A
α
ǫ[ρR
ǫ
βσλ] = 0, (27)
and the differential equation
Aαβ[σ||ρ] −A
α
ǫ[ρA
ǫ
βσ] = −
1
2
Qαβρσ. (28)
E. The Averaged Einstein Field Equations
The averaged Einstein field equations are
g αǫMǫβ−
1
2
δαβ g
µνMµν = −κ〈t
α(micro)
β 〉−κT
α(grav)
β (29)
where the averaged microscopic stress-energy tensor
〈t
α(micro)
β 〉 is assumed to be described as a hydrodynam-
ical fluid. Once the components of g¯µν and Zαβµ
γ
δν ,
are determined the gravitational stress-energy tensor
T
α(grav)
β due to connection correlations
(Zαµνβ −
1
2
δαβQµν)g¯
µν = −κT
α(grav)
β , (30)
can be calculated. The effective energy density and
isotropic pressure [17] due to the connection correlation
tensor are determined via
ρgrav = T
α(grav)
β uαu
β, pgrav =
1
3
T
α(grav)
β Hα
β . (31)
Rewriting we find
κρgrav = ZH
ǫ
µ
δ
ǫπε
πµ
δ
+(2ZEǫµ
δ
νǫ + ZE
δ
ǫ
ǫ
µν)uδG
µν
+ZEǫµ
δ
ǫδu
µ (32)
κpgrav =
2
3
ZHδµ
ǫ
νπε
π
δǫG
µν − ZHǫµ
δ
ǫπε
πµ
δ
−(
2
3
ZEǫµ
δ
νǫ + ZE
δ
ǫ
ǫ
µν)uδG
µν
−ZEǫµ
δ
ǫδu
µ (33)
5The momentum density and the anisotropic pressure due
to the connection correlation tensor can be found in the
usual manner as described in [17].
III. MACROSCOPIC GRAVITY IN A FLAT
SPATIALLY HOMOGENEOUS AND ISOTROPIC
SPACETIME
A. Assumptions
Due to the difficulty in dealing with the extreme size
of the tensorial objects involved in Macroscopic Gravity,
we are enticed to make reasonable geometric assump-
tions about all objects involved in order to make some
progress into the understanding of the structure of the
Macroscopic Gravity equations. One must recall that
only when geometric assumptions were made about the
spacetime (i.e., spherically symmetric and static) in Gen-
eral Relativity did one make progress in obtaining solu-
tions to the Einstein Field Equations.
Assumption 1: The Averaged Metric and the
Metric Correlations We shall assume g αβ = Gαβ
and the following splitting rule (gαβγγδǫ) = gαβγ
γ
δǫ
which ensures that the spacetime average of the Christof-
fel symbol of the first kind forM is the Christoffel symbol
of the first kind for the averaged manifold M . In addi-
tion, the metric correlations as outlined in [6, 7] are also
assumed to be zero. This way the average of the inverse
microscopic metric is equal to the inverse of macroscopic
metric, i.e, (gαβ)−1 ≡ g
αβ = Gαβ . This should not be
considered unusual in any spacetime with a very high
degree of symmetry.
Assumption 2: Macroscopic Geometry For the
present moment we are interested in investigating the
equations of Macroscopic Gravity in k = 0 Robertson
Walker spacetimes. The macroscopic metric, Gαβ , writ-
ten in conformal coordinates has a line element of the
form
ds2 = Gαβdx
αdxβ = R2(η)[−dη2+dx2+dy2+dz2]. (34)
Conformal coordinates are used because they facilitate
the calculations. It is a straightforward exercise to trans-
form to the usual cosmological coordinates with line ele-
ment ds2 = −dt2+R(t)2(dx2+dy2+dz2). This spacetime
is one of the simplest examples containing non-trivial cur-
vature, connection, etc. It is well known that the corre-
sponding metric, equation (34), is invariant under the
six-dimensional group (G6) of Killing vectors, generated
by {Pi,Mij}, spatial translations and spatial rotations,
[18] where
Pi = ∂i
Mij = xi∂j − xj∂i
This spacetime also admits a timelike vector field orthog-
onal to the spatial hyper-surfaces of homogeneity and
isotropy, uα = [− 1
R(η) , 0, 0, 0]. This unit timelike vector
has zero acceleration, zero vorticity and zero shear, and
therefore uα||β =
1
3θHαβ where θ = 3
R′(η)
R(η)2 .
Assumption 3: Invariance of Macroscopic Grav-
ity Objects We shall also assume that the connection
correlation tensor Zαβµ
γ
δν and the affine deformation
tensor Aαβγ are invariant under the same G6 of Killing
vectors as the macroscopic metric. These assumptions
ensure that Zαβµ
γ
δν and A
α
βγ are compatible with the
geometry of the macroscopic spacetime. Note, Zαβµ
γ
δν
and Aαβγ need not be invariant under the same six
dimensional group of Killing vectors, G6, as the macro-
scopic spacetime apriori. The constraints are then
LXG = 0, (35)
LXZ = 0, (36)
LXA = 0, (37)
where X ∈ G6. Equation (35) is just assumption 2 while
equations (36) and (37) will place significant constraints
on the number of independent components of Zαβµ
γ
δν
and Aαβγ . We shall also see later, that equations (36)
and (37) can be relaxed and some conclusions can still
be made.
Assumption 4: Averaged Microscopic Matter
We shall also assume that the averaged microscopic en-
ergy momentum tensor can be modeled macroscopically
as a perfect fluid, that is
〈t
α (micro)
β 〉 = ρmatu
αuβ + pmatH
α
β (38)
where ρmat and pmat are the energy density and pressure
for the averaged matter and where uα can now also be
interpreted as the average four-velocity of the fluid.
Assumption 5: Electric part of the Connection
Correlation Tensor We shall assume that the electric
part of the connection correlation tensor is zero, that
is, ZEαβ
γ
δµ = 0. The primary motivation for setting
ZEαβ
γ
δµ = 0 is that the constraint equation (25) is iden-
tically satisfied.
One should note that placing constraints on the con-
nection correlation tensor such as assumptions 3 and 5
is equivalent to prescribing some rule to split the av-
erage of the product of connections and the product
of the averages of the connection for the microscopic
geometry (i.e., splitting rules for products of the con-
nection). For example, as an illustration only, if one
was to assume that the microscopic geometry was de-
scribed by an almost FRW metric of the form ds2 =
R(η)2[−(1 + 2Φ)dη2 + (1− 2Ψ)(dx2 + dy2 + dz2)] where
Φ(η, x, y, z) and Ψ(η, x, y, z), then assumption 5 imposes
many relations involving splitting rules, including for ex-
ample
6ZE01
1
12 = Z
0
12
1
10 = γ01[2γ
1
10] − γ
0
1[2 γ
1
10] = 0⇒
ΦxΨy
(1 + 2Φ)(1− 2Ψ)
=
Φx
1 + 2Φ
Ψy
1− 2Ψ
.
However, not all of the products of connections are split
trivially nor are they fixed by the assumptions above, for
example,
ZB12
1
31 = Z
1
22
1
33 = γ12[2γ133] − γ12[2 γ133] 6= 0⇒
(
Ψx
1− 2Ψ
)2
6=
(
Ψx
1− 2Ψ
)2
.
This paragraph has only been added to illustrate the ef-
fect these assumptions have on the connection correla-
tion tensor given a simple inhomogeneous microscopic
geometry. From now on, we no longer assume anything
about the microscopic geometry, only that it averages
on sufficiently large scales to the macroscopic geometry
described by assumption 2.
The assumptions 1, thru 5 greatly simplify the situ-
ation, allowing one to completely solve the Macroscopic
Gravity equations as presented in [6, 7]. The software
package GRTensor II [19] is used to do and check all cal-
culations that follow.
B. The Connection Correlation Tensor
1. Equivalence Classes
We shall now assume that Zαβµ
γ
δν satisfies equations
(3) and (4) and is invariant under the same Lie group
of motions as the macroscopic metric. ZEαβ
γ
δǫ and
ZHαβ
γ
δǫ are then also invariant under the same group of
motions. Each component of ZHαβ
γ
δǫ and ZE
α
β
γ
δǫ is
a function of η only. The components of Zαβµ
γ
δν can be
classified into 40 equivalence classes; 20 classes of compo-
nents in each of ZEαβ
γ
δǫ and ZH
α
β
γ
δǫ, not all of which
are linearly independent. In what follows [ijk] is one el-
ement of the ordered triple {123, 312, 231}, and [jk] or
[ij] is one element of the order pair {12, 13, 23}. In any
class that contains a single item, the number of nontriv-
ial components of Zαβµ
γ
δν in that class is 12, while in
classes containing two items, the number of components
is 24, 12 for each element. The notation used here and
that used in [15] are slightly different.
We define the H and B - equivalence classes as the
following 20 sets of equivalent components of ZHαβ
γ
δǫ.
H1 = {ZH
j
j
k
ji, ZH
j
k
k
ki} B1 = {ZH
j
i
j
0i, ZH
i
j
i
0j}
H2 = {ZH
j
j
j
ki, ZH
k
j
k
ki} B2 = {ZH
j
j
i
0i, ZH
i
i
j
0j}
H3 = {ZH
i
j
k
ii, ZH
j
i
i
ki} B3 = {ZH
i
j
j
0i, ZH
j
i
i
0j}
H4 = {ZH
i
i
j
ki, ZH
k
j
i
ii} B4 = {ZH
0
0
i
0i}
H5 = {ZH
0
j
k
0i, ZH
j
0
0
ki} B5 = {ZH
j
i
0
ji, ZH
i
j
0
ij}
H6 = {ZH
0
0
j
ki, ZH
k
j
0
0i} B6 = {ZH
j
j
0
ii, ZH
i
i
0
jj}
H7 = {ZH
j
0
k
0i} B7 = {ZH
i
j
0
ji, ZH
j
i
0
ij}
H8 = {ZH
0
j
0
ki} B8 = {ZH
0
0
0
ii}
H9 = {ZH
i
j
i
ki} B9 = {ZH
i
i
i
0i}
H10 = {ZH
j
i
k
ii} B10 = {ZH
i
i
0
ii}
Although it is not necessary for the paper, for com-
pleteness, we define the E and D - equivalence classes
as the following 20 sets of equivalent components of
ZEαβ
γ
δǫ.
E1 = {ZE
j
j
k
ji, ZE
j
k
k
ki} D1 = {ZE
j
i
j
0i, ZE
i
j
i
0j}
E2 = {ZE
j
j
j
ki, ZE
k
j
k
ki} D2 = {ZE
j
j
i
0i, ZE
i
i
j
0j}
E3 = {ZE
i
j
k
ii, ZE
j
i
i
ki} D3 = {ZE
i
j
j
0i, ZE
j
i
i
0j}
E4 = {ZE
i
i
j
ki, ZE
k
j
i
ii} D4 = {ZE
0
0
i
0i}
E5 = {ZE
0
j
k
0i, ZE
j
0
0
ki} D5 = {ZE
j
i
0
ji, ZE
i
j
0
ij}
E6 = {ZE
0
0
j
ki, ZE
k
j
0
0i} D6 = {ZE
j
j
0
ii, ZE
i
i
0
jj}
E7 = {ZE
j
0
k
0i} D7 = {ZE
i
j
0
ji, ZE
j
i
0
ij}
E8 = {ZE
0
j
0
ki} D8 = {ZE
0
0
0
ii}
E9 = {ZE
i
j
i
ki} D9 = {ZE
i
i
i
0i}
E10 = {ZE
j
i
k
ii} D10 = {ZE
i
i
0
ii}
Note, that there are 40 equivalence classes of com-
ponents of Zαβµ
γ
δν , but only 32 of them are indepen-
dent. There are additional relationships between some of
the components within some of the different equivalence
classes. This complication can be managed by carefully
choosing the independent variables.
2. Variables
As described above there are only 32 independent components of Zαβµ
γ
δν ; 16 independent components in each of
ZHαβ
γ
δǫ and ZE
α
β
γ
δǫ. Alternatively, there are 8 independent components in each of the four equivalence classes
7H, B,E,D. Here we make the choice as to what we will call our primary independent variables. Note R(η)2 is the
metric function which is added to the definition of our variables strictly for convenience.
H1(η)R(η)
2 = ZHjj
k
ji ∈ H1 B1(η)R(η)
2 = ZHji
j
0i ∈ B1
H2(η)R(η)
2 = ZHjj
j
ki ∈ H2 B2(η)R(η)
2 = ZHjj
i
0i ∈ B2
H3(η)R(η)
2 = ZHij
k
ii ∈ H3 B3(η)R(η)
2 = ZHij
j
0i ∈ B3
H4(η)R(η)
2 = ZHii
j
ki ∈ H4 B4(η)R(η)
2 = ZH00
i
0i ∈ B4
H5(η)R(η)
2 = ZH0j
k
0i ∈ H5 B5(η)R(η)
2 = ZHji
0
ji ∈ B5
H6(η)R(η)
2 = ZH00
j
ki ∈ H6 B6(η)R(η)
2 = ZHjj
0
ii ∈ B6
H7(η)R(η)
2 = ZHj0
k
0i ∈ H7 B7(η)R(η)
2 = ZHij
0
ji ∈ B7
H8(η)R(η)
2 = ZH0j
0
ki ∈ H8 B8(η)R(η)
2 = ZH00
0
ii ∈ B8
E1(η)R(η)
2 = ZEjj
k
ji ∈ E1 D1(η)R(η)
2 = ZEji
j
0i ∈ D1
E2(η)R(η)
2 = ZEjj
j
ki ∈ E2 D2(η)R(η)
2 = ZEjj
i
0i ∈ D2
E3(η)R(η)
2 = ZEij
k
ii ∈ E3 D3(η)R(η)
2 = ZEij
j
0i ∈ D3
E4(η)R(η)
2 = ZEii
j
ki ∈ E4 D4(η)R(η)
2 = ZE00
i
0i ∈ D4
E5(η)R(η)
2 = ZE0j
k
0i ∈ E5 D5(η)R(η)
2 = ZEji
0
ji ∈ D5
E6(η)R(η)
2 = ZE00
j
ki ∈ E6 D6(η)R(η)
2 = ZEjj
0
ii ∈ D6
E7(η)R(η)
2 = ZEj0
k
0i ∈ E7 D7(η)R(η)
2 = ZEij
0
ji ∈ D7
E8(η)R(η)
2 = ZE0j
0
ki ∈ E8 D8(η)R(η)
2 = ZE00
0
ii ∈ D8
It should be noted for completeness and clarity the following eight relations detailing the relationships within the
other eight equivalence classes.
(H2(η)−H3(η) −H4(η))R(η)
2 = ZHij
i
ki ∈ H9
(H1(η)−H3(η) +H4(η))R(η)
2 = ZHji
k
ii ∈ H10
(B1(η) +B2(η) +B3(η))R(η)
2 = ZHii
i
0i ∈ B9
(B5(η) +B6(η) +B7(η))R(η)
2 = ZHii
0
ii ∈ B10
(E2(η) − E3(η)− E4(η))R(η)
2 = ZEij
i
ki ∈ E9
(E1(η) − E3(η) + E4(η))R(η)
2 = ZEji
k
ii ∈ E10
(D1(η) +D2(η) +D3(η))R(η)
2 = ZEii
i
0i ∈ D9
(D5(η) +D6(η) +D7(η))R(η)
2 = ZEii
0
ii ∈ D10
Now that we have carefully chosen our independent variables, we can proceed onto displaying and solving the
equations of macroscopic gravity. From now on, we shall assume that ZEαβ
γ
δǫ = 0 which is easily accomplished by
setting Di(η) = Ei(η) = 0. We shall no longer explicitly write out the functional dependencies in Hi(η), Bi(η) and
R(η) unless there is a risk of ambiguity.
C. The Field Equations for the Connection Correlation Tensor
Equation (15) yields
H1 − 2H3 + 2H4 = 0
3B1 +B2 +B3 = 0
3B5 +B6 +B7 = 0
B5 + 3B6 +B7 = 0
B8 = 0 (39)
8Equation (17) yields
H5 = 0
H6 = 0
H7 = 0
B2 = 0
B3 = 0
B2 +B3 = 0
B4 = 0 (40)
Equation (18) is identically satisfied. Equation (19) yields
−H1 +H2 +H4 +H6 = 0
B1 + 3B2 +B3 +B4 = 0
B5 + 3B6 +B7 +B8 = 0 (41)
Equation (23) yields
R′
R2
(H1 − 2H3 + 2H4 +H5 −H6 +H7) = 0 (42)
R′
R2
(H2 − 2H3 − 2H4 +H5 +H6 +H8) = 0 (43)
R′
R2
(B1 +B2 + 3B3 −B4 + 3B5 +B6 +B7 −B8) = 0 (44)
R′
R2
(B1 + 3B2 +B3 +B4 −B5 − 3B6 −B7 −B8) = 0 (45)
The resulting non-trivial differential equations from equation (24) are
H ′i = −2
R′
R
Hi
B′i = −2
R′
R
Bi (46)
The solution to the algebraic constraints can be parameterized as
[H1, H2, H3, H4, H5, H6, H7, H8] = H1 [2, 2, 1, 0, 0, 0, 0, 0]+H2 [0, 1,−1,−1, 0, 0, 0,−5] (47)
and
[B1, B2, B3, B4, B5, B6, B7, B8] = B1 [0, 0, 0, 0, 1, 1,−4, 0] (48)
where each of the parameters H1,H2, and B1 are functions of η. The number of independent variables is now reduced
to three. The only remaining equation to be solved are the differential cyclic constraints, equation (46), which are
easily integrated to yield
H1(η) =
h1
R2(η)
, H2(η) =
h2
R2(η)
, B1(η) =
b1
R2(η)
(49)
where h1, h2 and b1 are arbitrary constants. The field equations for the connection correlation tensor have been
completely resolved to reveal that each non-trivial component of Zαβµ
γ
δν is constant in this system of coordinates.
This is precisely the ansatz used in deriving the solution found in [1].
D. The Field Equations for the Affine Deformation Tensor
Here, the affine deformation tensor Aαβγ is also assumed to be invariant under the G6 group of motions. This leaves
three independent equivalence classes of components undetermined. We define our variables to be the following
A1(η)R(η) = A
0
ii,
A2(η)R(η) = A
i
i0,
A3(η)R(η) = A
0
00
9Equation (27) yields
0 = (B1 +B2 + 3B3 −B4)A1 + (3B5 +B6 +B7 −B8)A2,
0 = (3B5 +B6 +B7 −B8)A2 − (3B5 +B6 +B7 −B8)A3,
0 = (B1 +B2 + 3B3 −B4)A2 − (B1 +B2 + 3B3 −B4)A3,
0 =
[
R′′
R3
−
(R′)2
R4
]
(A1 +A2). (50)
Equation(28) yields
0 = B1 +B2 + 3B3 −B4,
0 = 3B5 +B6 +B7 −B8,
0 =
R′
R2
(A1 +A2)−A1A2 + 2(H1 +H2 +H3 +H5),
A′1
R
= −
R′
R2
A1 +
R′
R2
(A2 −A3)− A1(A2 −A3),
A′2
R
= −
R′
R2
A2 −
R′
R2
(A2 −A3) + A2(A2 −A3). (51)
After substituting the solution given by equations
(47,48,49) we note that the equations containing the Bi’s
are trivially satisfied, and the remaining term arising
from the connection correlation tensor becomes H1 +
H2 +H3 +H5 = 5h1/R
2. Equation (50) has a solution
A1 = −A2 unless R = R0e
αη where R0 and α are two ar-
bitrary constants of integration (Milne solution). If one
was to pursue this possibility, and proceeds to solve the
averaged Einstein Field Equations in the next section,
one finds that pmat = −
1
3ρmat ∝ R
−2, that is, the mat-
ter can not be prescribed and must behave as curvature,
no other forms of matter (dust, radiation) are permit-
ted. Therefore, the only plausible solution is obtained
by letting A1 = −A2. In this case we easily solve the
remaining equations and find that
h1 = −
1
10
A2,
A1(η) =
A
R(η)
,
A2(η) = −
A
R(η)
,
A3(η) = −
A
R(η)
,
where A is a constant. It is worth noting that one of
the three constants determining the value of the con-
nection correlation tensor Zαβµ
γ
δν is determined by the
constraints used in determining the affine deformation
tensor. The other two constants, h2 and b1, are not de-
termined.
E. The Averaged Einstein Field Equations
The effective energy density and pressure due to the
connection correlation tensor are
κρgrav = 6(H1 +H2 +H3 +H5) (52)
κpgrav = 6(H1 −H2 −H3 −H5)
−4(H3 −H4 +H7) (53)
Substituting the solution found in equations
(47,48,49,52) we find that the effective energy den-
sity and pressure due to the connection correlation
tensor becomes
κρgrav = −3
A2
R2
, κpgrav =
A2
R2
. (54)
and the averaged Einstein Field equations, equation (29)
become
3
(R′)2
R4
= κρmat + κρgrav,
(R′)2
R4
− 2
R′′
R3
= κpmat + κpgrav. (55)
We know that 〈t
α(micro)
β 〉 is also conserved and yields the
usual conservation equation
ρ′mat = −3
R′
R
(ρmat + pmat) (56)
The sign of ρgrav is determined explicitly from the
Macroscopic Gravity equations that determine the affine
deformation tensor. One also observes that the effective
total energy density is less than the energy density of the
averaged matter, that is, ρeff = ρmat + ρgrav < ρmat.
We observe that the effect of the connection correla-
tions within this model and with our assumptions is
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to essentially add a positive pressure term to the clas-
sical (non-averaged) Einstein Field equations. Further-
more, the effective acceleration due to matter and con-
nection correlations due to averaging remains the same
as that of just the averaged matter, ρeff + 3peff =
ρmat + ρgrav + 3pmat + 3pgrav = ρmat + 3pmat. Effec-
tively, the connection correlations in Macroscopic Grav-
ity, adds a positive spatial curvature term to the classical
field equations of General Relativity without changing
the underlying geometry.
IV. CONCLUSIONS
The initial presentation of this averaged cosmological
solution without many details can be found in [1]. Due to
the nature of the letter, not all of the equations describing
Macroscopic Gravity are resolved, nor sufficient details
given for someone to repeat the calculations. Here, we de-
velop a formalism in which one is able to repeat the neces-
sary calculations and have used this formalism to present
a complete solution to Macroscopic Gravity equations de-
tailing all components of both the connection correlation
tensor Zαβµ
γ
δν and the affine deformation tensor A
α
βγ .
With some clearly stated assumptions, (connection corre-
lation tensor Zαβµ
γ
δν and the affine deformation tensor
Aαβγ are invariant under the same group of isometries
as the macroscopic metric, and the electric part of the
connection correlation tensor is zero), a self-consistent
and detailed solution to all of the Macroscopic Gravity
equations was constructed. The connection correlation
tensor was found to have three degrees of freedom, and
more remarkably the sign of the effective energy density
due to the connection correlations, ρgrav, is determined
by the Macroscopic Gravity equations determining the
affine deformation tensor. It is this particular analysis of
the affine deformation tensor that is not found in [1]. The
energy density due to connection correlations appears as
a negative correction to the total energy density, but has
no effect on the effective acceleration of a co-moving ob-
server, that is, ρgrav + 3pgrav = 0. Indeed, the effective
energy density due to connection correlations appears as
a positive spatial curvature correction in the averaged
Einstein Field Equations. This is in stark contrast to the
conclusion of Futamase [11], who, using a perturbative
approach to the averaging problem determined that the
correction to the averaged Einstein Field Equations is a
negative spatial curvature term.
With this complete solution to the Macroscopic Grav-
ity equations, we observe that the geometry is one aspect
of the problem, but the dynamics of the geometry due
to gravitational correlations is another [1, 8]. This fun-
damental difference between geometry of the spacetime
and the dynamics within will most certainly have con-
sequences on cosmological observations. Indeed, spatial
curvature, whether a result of backreaction or not, can
lead to a significant effect on the evolution of the uni-
verse and the measurement of cosmological parameters
[20]. Furthermore, recent discussions in [21] argue that
additional investigations are also required to analyze and
interpret cosmological observations in the context of an
averaging paradigm.
Here and in [14], it is observed that the sign of ρgrav
is a direct consequence of the assumption that rαβµν
yields another curvature tensor with non-metric connec-
tion Παβγ for the macroscopic or averaged manifold. It
is not clear at the present time, the extent of the im-
portance of this assumption within the entire scheme of
Zalaletdinov’s theory of Macroscopic Gravity. For if this
assumption is dropped, then the sign of ρgrav in the sce-
nario investigated here can indeed be positive.
Another look at the differential cyclic constraints,
equations (23) and (24), reveals that in the co-moving
coordinate system used here, where the shear and vortic-
ity of the four-velocity vanish, removing the invariance of
Zαβµ
γ
δν under a G6 will have no effect on the form of the
solution, that is, each non-trivial component of Zαβµ
γ
δν
will remain a constant. The effective energy density due
to connection correlations will continue to appear as an
(constant×R−2) correction in the averaged Einstein Field
Equations of Macroscopic Gravity. Therefore, in order to
obtain non-spatial curvature like corrections, one would
need to investigate the Macroscopic Gravity equations
with a non-trivial electric component, and/or investigate
different macroscopic spacetime geometries. One other
geometry has been investigated in [14], but ZEαβ
γ
δν = 0
and once again the correction/backreaction term appears
as a curvature term.
One may think that setting ZHαβ
γ
δν = 0 and deter-
mining the effects of the purely electric part, ZEαβ
γ
δν ,
on these models may be a possible scenario worth pur-
suing. However, calculations show that if Zαβµ
γ
δν is in-
variant under the same group of isometries as the macro-
scopic metric and if ZHαβ
γ
δν = 0 then ZE
α
β
γ
δν = 0,
and therefore all the connection correlations are trivial.
Although, the final result contained within this paper
did not provide a viable and alternative explanation de-
scribing the effects of Dark Matter and/or Dark Energy,
it does indeed illuminate an alternative path that may
eventually lead one to a possible explanation.
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